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Abstract
Let X be a PD4-complex with fundamental group π . We give conditions on the algebraic 2-type of X under which the homotopy
type of X is determined by π , w = w1(X), the image of [X] in H4(π;Zw) and the equivariant intersection pairing on π2(X). In
particular, the homotopy type of an oriented spin 4-manifold with fundamental group a PD2-group π is determined by π and this
pairing.
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In this paper we shall provide further evidence for the view that the homotopy type of a PD4-complex X with
fundamental group π should be largely determined by its algebraic 2-type and the equivariant intersection pairing on
the Z[π]-module π2(X), which is the principal manifestation of Poincaré duality in this dimension [15]. In [8] it is
shown that if X is orientable and H2(X;Q) = 0 the homotopy type of X is determined by its Postnikov 2-stage P
and the image of [X] in H4(P ;Z), and if π is finite and of cohomological period dividing 4 this image is in turn
determined by the equivariant intersection pairing. Our main result extends the latter result to certain cases with
infinite fundamental group, under further hypotheses on the algebraic 2-type. (We shall in fact work with the equivalent
cohomological pairing.)
A PD4-complex Z with fundamental group π is a model for a PD4-complex X if there is a 2-connected degree-1
map f :X → Z. The “surgery kernel” K2(f ) = Ker(π2(f )) is a finitely generated projective Z[π]-module, and is
an orthogonal direct summand of π2(X) with respect to the intersection pairing, by Theorem 5.2 of [19]. The PD4-
complex X is minimal if every such map is a homotopy equivalence, i.e., if X is minimal with respect to the order
determined by such maps. This is clearly so if the intersection pairing is trivial, by Wall’s result, and we shall then say
that X is strongly minimal.
The first section presents some of the notation that we shall use most frequently. In Section 2 we use Poincaré
duality to define a nonsingular w-Hermitean pairing λX on HomZ[π](π2(X),Z[π]), where w = w1(X), and relate
nonsingularity of λX , projectivity of π2(X) and the condition H 3(π;Z[π]) = 0. In Section 3 we give necessary and
sufficient conditions for X to have a strongly minimal model. In Section 4 we show that if π is finite and X has a
strongly minimal model Z then π = 1 or Z/2Z and Z = S4 or RP4. In the latter case RP4 is a model for X if and
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the action u of π on H3(X;Z[π]) ∼= Z are realized by some strongly minimal PD4-complex. In Section 6 we assume
that π has one end and that H 2(π;Z[π]) = 0. Then X has a strongly minimal model if and only if π is a PD4-group,
w = w1(π) and π2(X) is a projective Z[π]-module. In this case K(π,1) is the unique strongly minimal PD4-complex
with fundamental group π .
The next section (Section 7) contains two algebraic results. If M is a finitely generated projective Z[π]-module
and ΓW is the quadratic functor of J.H.C. Whitehead there is a natural homomorphism from Zw ⊗Z[π] ΓW(M) to the
group of w-Hermitean pairings on M . We show that this homomorphism is an isomorphism if π has no 2-torsion. We
also give a lemma about automorphisms needed in Theorem 11.
The main results are in Sections 8 and 9, where we show that if X has a strongly minimal model Z, π has no 2-
torsion and k1(X) = 0 the homotopy type of X is determined by Z and λX , and that every nonsingular w-Hermitean
pairing on a finitely generated projective module is realized by some PD4-complex with minimal model Z. In the final
section (Section 10) it is shown that if c.d.π  2 then X always has a strongly minimal model, and so the results of
Sections 8 and 9 apply to X, as the other conditions clearly hold. The model Z is determined by π and w if π is free,
or if π is a PD2-group and v2(X) = 0.
1. Notation
Let w :π → {±1} be a homomorphism, and define an involution on Z[π] by g¯ = w(g)g−1, for all g ∈ π . Let Z
and Zw be the augmentation and w-twisted augmentation modules, and ε :Z[π] → Z and εw :Z[π] → Zw be the
augmentation and the w-twisted augmentation, defined by ε(g) = 1 and εw(g) = w(g), for all g ∈ π , respectively. If
R is a right Z[π]-module let R be the corresponding left Z[π]-module with the conjugate structure given by g.r = r.g¯,
for all g ∈ Z[π] and r ∈ R.
All modules considered here shall be left modules, unless otherwise noted. However if L is a left Z[π]-module
the dual HomZ[π](L,Z[π]) and the higher extension groups ExtiZ[π](L,Z[π]) are naturally right modules. Let L† =
HomZ[π](L,Z[π]) be the conjugate dual module, and let EiL = ExtiZ[π](L,Z[π]), for i  0. (Thus E0L = L†.) If L
is free, stably free or projective then so is L†.
The modules EqZ = Hq(π;Z[π]) with q  3 shall recur throughout this paper. In particular, E0Z ∼= Zw if π is
finite and is 0 otherwise, while E1Z reflects the number of ends of π . It is 0 if π is finite or has one end, infinite cyclic
if π has two ends (i.e., is virtually infinite cyclic) and is free Abelian of infinite rank otherwise.
If S is a topological space with fundamental group π let S˜ be its universal covering space and cS :S → K(π,1) be
the classifying map. Let k1(S) ∈ H 3(π;π2(S) be the first k-invariant and fS :S → P2(S) be the second stage of the
Postnikov tower for S. The algebraic 2-type [π,π2(S), k1(S)] and the Postnikov 2-stage determine each other, and
k1(S) = 0 if and only if cP2(S) has a section. If M is a Z[π]-module let Lπ(M,2) be the space with algebraic 2-type[π,M,0] and universal covering space  K(M,2). Then k1(S) = 0 if and only if P2(S)  Lπ(π2(S),2). The space
Lπ(M,2) is a “generalized Eilenberg–Mac Lane space”: if c :X → K(π,1) is a map there is a natural bijection from
the set of homotopy classes of maps f :X → Lπ(M,2) lifting c to H 2(X; c∗M).
2. Intersection pairings
Let X be a finitely dominated cell complex with fundamental group π . The equivariant cellular chain complex C∗ =
C∗(X;Z[π]) of X˜ is a complex of left Z[π]-modules, and is Z[π]-chain homotopy equivalent to a finitely generated
complex of projective modules. Let Π = π2(X) ∼= H2(X˜;Z[π]) = H2(C∗) and H = H 2(X;Z[π]) = H 2(C∗), where
Cq = HomZ[π](Cq,Z[π]), for all q  0. Let ev :H → Π† be the evaluation homomorphism, given by ev([c])([z]) =
[c] ∩ [z] = c(z) for all 2-cycles z ∈ C2 and 2-cocyles c ∈ C2. This homomorphism sits in the evaluation exact sequence
0 → E2Z → H ev−→ Π† → E3Z → H 3(X;Z[π]).
(See [11, Lemma 3.3].)
Suppose now that X is a PD4-complex and w1(X) = w. Then X is finitely dominated, and a choice of generator [X]
for H4(X;Zw) ∼= Z determines a Poincaré duality isomorphism D :H → Π by D(u) = u∩ [X], for all u ∈ H . More-
over H 3(X;Z[π]) = 0. The cohomology intersection pairing λ :H ×H → Z[π] is defined by λ(u, v) = ev(v)(D(u)),
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g,h ∈ π . It is equivalent under Poincaré duality to the equivariant intersection pairing on Π . (See [16, p. 82].) Since
λ(u, e) = 0 for all u ∈ H and e ∈ E = E2Z the pairing λ induces a pairing λX :H/E ×H/E → Z[π].
The adjoint homomorphism λ˜X :H/E → (H/E)† is given by λ˜X([v])([u]) = λ(u, v) = ev(v)(D(u)), for all
u,v ∈ H . It is a monomorphism, and λX is nonsingular if λ˜X is an isomorphism. Our first lemma relates nonsin-
gularity of λX , projectivity of Π and H/E and conditions on E2Z and E3Z.
Lemma 1. Let X be a PD4-complex with fundamental group π , and let E = E2Z.
(1) If λX is nonsingular and H/E is a projective Z[π]-module then E† ∼= E3Z;
(2) If λX is nonsingular and E† = 0 then E3Z = 0;
(3) If E3Z = 0 then λX is nonsingular;
(4) If E3Z = 0 and Π is a projective Z[π]-module then E = 0.
Proof. Let p :Π → Π/D(E) and q :H → H/E be the canonical epimorphisms. Poincaré duality induces an iso-
morphism γ :H/E ∼= Π/D(E). It is straightforward to verify that p†(γ †)−1λ˜Xq = ev.
If λX is nonsingular then λ˜X is an isomorphism, and so Coker(p†) = Coker(ev). If moreover Π/D(E) ∼= H/E is
projective then Π ∼= (Π/D(E))⊕D(E). Hence Π† ∼= (Π/D(E))† ⊕E†, and so E† ∼= Coker(p†) = E3Z.
If λX is nonsingular and E† = 0 then λ˜X and p† are isomorphisms, and so ev = p†(γ †)−1λ˜Xq is an epimorphism.
Hence E3Z = 0.
If E3Z = 0 then H/E = Π† and ev = q . Since q is an epimorphism it follows that p†(γ †)−1λ˜X = idΠ† , and so
p† is an epimorphism. Since p† is also a monomorphism it is an isomorphism. Therefore λ˜X = γ †(p†)−1 is also an
isomorphism.
If E3Z = 0 and Π is projective then E is projective, since Π ∼= H ∼= E ⊕Π†, and so E ∼= E†† = 0. 
In particular, the equivariant intersection pairing on Π is nonsingular if and only if E2Z = E3Z = 0, while X is
strongly minimal (λX = 0) if and only if H = E (and then Π† ∼= (E2Z)† ∼= E3Z).
We do not know whether the hypotheses in this lemma can be simplified. For instance, is (E2Z)† always 0? Does
“Π projective” imply that E3Z = 0? Projectivity of Π† and E2Z = 0 together do not imply that E3Z = 0. For if π is
a PD3-group and w = w1(π) then EsZ = 0 for s < 3 and Π is stably isomorphic to the augmentation ideal of Z[π],
by Theorem 3.13 of [11], and so Π† is stably free. However E3Z ∼= Z = 0.
If Y is a second PD4-complex we write λX ∼= λY if there is an isomorphism θ :π ∼= π1(Y ) such that w1(X) =
w1(Y )θ and a Z[π]-module isomorphism Θ :π2(X) ∼= θ∗π2(Y ) inducing an isometry of cohomology intersection
pairings. If f :X → Z is a 2-connected degree-1 map cap product with [X] induces an isomorphism from the “surgery
cokernel” K2(f ) = Cok(H 2(f ;Z[π])) to K2(f ), and the pairing λf = λ|K2(f )×K2(f ) is nonsingular, by Theorem 5.2
of [19]. Thus if f :X → Z is a strongly minimal model λf = λX .
3. Existence of strongly minimal models
In this section we shall obtain a criterion for the existence of a strongly minimal model, as a consequence of
the following theorem, which may be thought of as a converse to the 4-dimensional case of Wall’s Lemma 2.2 and
Theorem 5.2. (Note that the definition of “strongly minimal” used here may be broader than the one used in [13],
where we said that Z was strongly minimal if π2(Z)† = 0. The two definitions are equivalent if (E2Z)† = 0.)
Theorem 2. Let X be a PD4-complex X and K a finitely generated projective direct summand of Π such that λX
restricts to a nonsingular pairing on K ×K . Then there is a 2-connected degree-1 map f :X → Z with K2(f ) = K .
Proof. Suppose first that K is stably free and choose maps mi :S2 → X for 1 i  s representing generators of K
and such that the kernel of the corresponding epimorphism m :Z[π]s → K is free of rank t . Attach s 3-cells to X
along the mi to obtain a cell complex Y with π1(Y ) ∼= π , π2(Y ) ∼= Π/K and H3(Y ;Z[π]) ∼= H3(X;Z[π]) ⊕ Z[π]t .
Since the Hurewicz map is onto in degree 3 for 1-connected spaces (such as Y˜ ) we may then attach t 4-cells to Y
along maps whose Hurewicz images form a basis for H3(Y,X;Z[π]) to obtain a cell complex Z with π1(Z) ∼= π and
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countably many 2- and 3-cells to X, and then attach countably many 4-cells to Y to obtain Z as before.
The inclusion f :X → Z is 2-connected and Ker(H2(f ;Z[π])) = Π†. Comparison of the equivariant chain com-
plexes for X and Y shows that Hi(f ;Z[π]) is an isomorphism for all i = 2, while Hj(f ;Z[π]) is an isomorphism
for all j = 2 or 3, and H 2(f ;Z[π]) is a monomorphism. Comparison of the evaluation sequences of X and Z shows
that H 3(Z;Z[π]) = 0.
Let [Z] = f∗[X] ∈ H4(Z;Zw). It follows from the projection formula f∗([X] ∩ f ∗α) = [Z] ∩ α that cap prod-
uct with [Z] gives isomorphisms Hj(Z;Z[π]) ∼= H4−j (Z;Z[π]) for j = 2. This is also true when j = 2, for then
H 2(f ;Z[π]) identifies H 2(Z;Z[π]) with the orthogonal complement of K† in H 2(X;Z[π]), and f∗([X] ∩ −) car-
ries this isomorphically to H2(Z;Z[π]). Therefore Z is a PD4-complex with fundamental class [Z], f has degree 1
and K2(f ) = K . 
The main theorem of [10] includes a similar result, for X orientable and K a free module. (See also [12,13].)
Corollary. The PD4-complex X has a strongly minimal model if and only if H/E is a finitely generated projective
Z[π]-module and λX is nonsingular.
Proof. If f :X → Z is a 2-connected degree-1 map then K2(f ) is a finitely generated projective direct summand
of Π , by Lemma 2.2 of [19], and if Z is strongly minimal E† ∼= E3Z. Therefore H/E = K2(f )† is also projective,
and so the conditions are necessary. If they hold the construction of Theorem 2 gives a strongly minimal model
for X. 
The above conditions hold if Π† is a finitely generated projective Z[π]-module and E3Z = 0. In particular, they
hold if c.d.π  2, by an elementary argument using Schanuel’s lemma and duality. (See Theorem 13 below.)
Lemma 3. Let f :X → Z be a 2-connected degree-1 map of PD4-complexes with fundamental group π such that
E3Z = 0. Then the homomorphism f# :H 3(π;Π) → H 3(π;π2(Z)) induced by f is an isomorphism, and k1(Z) =
f#(k1(X)).
Proof. The first assertion follows easily from the fact that K2(f ) is a finitely generated projective direct summand of
Π and the hypothesis H 3(π;Z[π]) = E3Z = 0.
The first k-invariant of a complex X may be identified with the class in H 3(π;Π) = Ext3
Z[π](Z,Π) given by the
exact sequence
0 → Π → C2/∂C3 → C1 → C0 → Z → 0.
Under this interpretation it is clear that k1(Z) = f#(k1(X)). 
The necessary condition (E2Z)† ∼= E3Z is far from characterizing the groups π which are the fundamental groups
of strongly minimal PD4-complexes. In the next three sections we shall determine such groups under the further
hypotheses that π has finitely many ends (i.e., E1Z is finitely generated) and that E2Z = E3Z = 0.
4. Strongly minimal models with π finite
If π is finite or has two ends then E2Z = E3Z = 0. Therefore a PD4-complex Z with fundamental group π is
strongly minimal if and only if π2(Z) = 0. A PD4-complex X with fundamental group π has such a model Z if and
only if Π is a finitely generated projective Z[π]-module, by Lemma 1(4) and Theorem 2.
If π is finite and π2(Z) = 0 then Z  S4 or RP4. (See [11, Lemma 12.1].) As every orientable PDnn-complex
admits a degree-1 map to Sn, we may assume that π = Z/2Z.
Theorem 4. Let X be a PD4-complex with π1(X) = Z/2Z and let w = w1(X). Then RP4 is a model for X if and only
if w4 = 0.
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single 4-cell to a 3-complex Xo, by Lemma 2.9 of [19]. The map cX :X → RP∞ = K(Z/2Z,1) factors through a
map f :X → RP4, and w = f ∗w1(RP4), since w = 0. The degree of f is well-defined up to sign, and is odd since
w4 = 0. We may arrange that f is a degree-1 map, after modifying f on a disc, if necessary. 
The two RP2-bundles over S2 provide contrasting examples. If X = S2 × RP2 then w3 = 0 and Π ∼= Z ⊕ Zw ,
which has no nontrivial projective Z[Z/2Z]-module summand. Thus S2 × RP2 is minimal but not strongly minimal.
On the other hand, if X is the nontrivial bundle space then w4 = 0 and Π ∼= Z[Z/2Z].
It is well known that the (oriented) homotopy type of a 1-connected PD4-complex is determined by its intersection
pairing and that every such pairing is realized by some 1-connected topological 4-manifold. (See [7, p. 161].) Nonori-
entable topological 4-manifolds with fundamental group Z/2Z are classified up to homeomorphism in [9], and it is
shown there that the homotopy types are determined by the Euler characteristic, w4, the “w2-type” and an Arf in-
variant (for w2-type III). The authors remark that their methods show that λX together with a quadratic enhancement
q :Π → Z/4Z due to [14] is also a complete invariant for the homotopy type of such a manifold.
5. Strongly minimal models with π two-ended
If π has two ends and π2(Z) = 0 then π is an extension of Z or the infinite dihedral group D∞ = Z/2Z ∗Z/2Z
by a finite normal subgroup F and Z˜  S3. Finite subgroups of π have cohomological period dividing 4 and act
trivially on π3(Z) ∼= H3(Z;Z[π]), while the action u :π → {±1} = Aut(π3(Z)) induces the usual action of π/F acts
on H 4(F ;Z). The action u and the orientation character w1(Z) determine each other, and every such group π and
action u is realized by some PD4-complex Z with π2(Z) = 0. The homotopy type of Z is determined by π , u and the
first nontrivial k-invariant in H 4(π;Zu). (See [11, Chapter 11].)
We shall use Farrell cohomology to show that any PD4-complex X with π1(X) ∼= π satisfying corresponding con-
ditions has a strongly minimal model. We refer to the final chapter of [3] for more information on Farrell cohomology.
It is convenient to use the following notation. If R is a noetherian ring and M is a finitely generated R-module let
Ω1M = Ker(φ), where φ :Rn → M is any epimorphism, and define ΩkM for k > 1 by iteration, so that Ωn+1M =
Ω1ΩnM . We shall say that two finitely generated R-modules M1 and M2 are projectively equivalent (M1  M2)
if they are isomorphic up to direct sums with a finitely generated projective module. Then these “syzygy modules”
ΩkM are finitely generated, and are well-defined up to projective equivalence, by Schanuel’s lemma.
Theorem 5. Let X be a PD4-complex such that π = π1(X) has two ends. Then X has a strongly minimal model if
and only if π and the action u of π on H3(X;Z[π]) ∼= Z are realized by some PD4-complex Z with π2(Z) = 0, and
then Z is determined by X.
Proof. If π2(Z) = 0 then Z˜  S3, by Poincaré duality and the Hurewicz and Whitehead theorems, and the conditions
on π are necessary, by Theorem 11.1 and Lemma 11.3 of [11].
Conversely, since π is virtually infinite cyclic the condition implies that the Farrell cohomology of π has period
dividing 4 [6]. The chain complex C∗ for X˜ gives rise to four exact sequences:
0 → Z2 → C2 → C1 → C0 → Z → 0,
0 → Z3 → C3 → B2 → 0,
0 → B2 → Z2 → Π → 0
and
0 → C4 → Z3 → Zu → 0.
We may assume that C∗ is a complex of finitely generated Z[π]-modules. Then the modules B2, Z2 Z3 and Π are
finitely generated, since Z[π] is noetherian. It is clear that Z2  Ω3Z and Z3  Ω1B2, while Ω1Z3  Ω1(Zu). The
standard construction of a resolution of the middle term of a short exact sequence from resolutions of its extremes,
applied to the third sequence, gives a projective equivalence Ω1Z2  Ω1B2 ⊕ Ω1Π . The corresponding sequences
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is in turn equivalent to Ω1Z, by periodicity.) Together these equivalences give
Ω5Z  Ω2Z2  Ω2B2 ⊕Ω2Π  Ω1Z3 ⊕Ω2Π  Ω5Z ⊕Ω2Π.
Therefore Extq
Z[π](Ω5Z,N) ∼= ExtqZ[π](Ω5Z,N) ⊕ ExtqZ[π](Ω2Π,N), for all q > v.c.d.π = 1, and any Z[π]-
module N . If N is finitely generated so is Extq
Z[π](Ω1Z,N), and so Ext
q+2
Z[π](Π,N) = ExtqZ[π](Ω2Π,N) = 0, for all
q > 1. Since Π is finitely generated Extr
Z[π](Π,−) commutes with direct limits and so is 0, for all r > 3. Therefore
Π has finite projective dimension, by Theorem X.5.3 of [3]. There is a universal coefficient spectral sequence
E
pq
2 = ExtqZ[π]
(
Hp
(
X;Z[π]),Z[π]) ⇒ Hp+q(X;Z[π]).
Here Epq2 = 0 unless p = 0, 2 or 3, and E0q2 = E3q2 = 0 if q > 1, since π is virtually infinite cyclic and Ω1(Zu) 
Ω1Z. It follows easily from this spectral sequence and Poincaré duality that Exts
Z[π](Π,Z[π]) = 0 for all s  1. Since
Π also has finite projective dimension it is projective. Hence X has a strongly minimal model, by Theorem 2.
As in Lemma 3, the first nontrivial k-invariant of the minimal model Z may be identified with the class κ in
H 4(π;Zu) = Ext4
Z[π](Z,Zu) given by the exact sequence
0 → Zu → C3/∂C4 ⊕Π → C2 → C1 → C0 → Z → 0.
Since the homotopy type of Z is determined by π , u and κ the final assertion follows. 
Thus for instance, an orientable PD4-complex with fundamental group D∞ does not have a strongly minimal
model.
6. Strongly minimal models with π one-ended and π2 = 0 or Z
Let Z be a PD4-complex with π2(Z) = 0. Then Z is strongly minimal and E2Z = E3Z = 0. If moreover π has one
end then Z˜ is contractible and so π must be a PD4-group and Z  K(π,1). (Conversely an aspherical PD4-complex
is clearly strongly minimal.)
Theorem 6. Let X be a PD4-complex whose fundamental group π is a PD4-group, and let Π = π2(X). Then the
following are equivalent:
(1) X has a strongly minimal model;
(2) w1(X) = w1(π) and cX is a degree-1 map;
(3) Π is a projective Z[π]-module;
(4) w1(X) = w1(π) and k1(X) = 0.
Proof. The PD4-complex K(π,1) is clearly the unique strongly minimal complex with fundamental group π , and any
2-connected degree-1 map f :X → K(π,1) is homotopic to cX (up to composition with a self homotopy equivalence
of K(π,1)). Thus (1) ⇔ (2). If cX is a degree-1 map then Π = Ker(π2(cX)) is projective [19], and so (2) ⇒ (3). If
Π is projective the universal coefficient spectral sequence gives an isomorphism c∗X :H 4(π;Z[π]) ∼= H 4(X;Z[π]),
and so w1(X) = w1(π), since the right module structures on these modules are given by the orientation characters.
Poincaré duality for X and π now show that cX is a degree-1 map, so (3) ⇒ (2).
The equivalence of (2) and (4) is proven in [4]. (It is assumed there that X and π are orientable, but the argument
needs only that w1(X) = w1(π).) 
The implication (3) ⇒ (1) also follows from Theorem 2, since E3Z = 0.
Let K be the 2-complex determined by a finite presentation of an orientable PD4-group π and let X = ∂N , where
N is a regular neighbourhood of an embedding of K in R5. Then cX factors through N  K , and so has degree 0.
Hence X has no strongly minimal model, and π2(X) is not projective. In particular, there are minimal PD4-complexes
with π ∼= Z4 which are not strongly minimal.
Connected sums of complexes with π2 = 0 again have π2 = 0, and the fundamental groups of such connected sums
usually have infinitely many ends. If Z is such a complex Poincaré duality gives π3(Z) ∼= E1Z, and the homotopy type
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special case is when π is a non-Abelian free group.
If Z is strongly minimal and E2Z is finitely generated but not 0 then E2Z is infinite cyclic [2] and the kernel κ of
the natural action of π on π2(Z) ∼= Z is a PD2-group, by Theorem 10.1 of [11]. Thus π is either a PD2-group or is a
semidirect product κ  (Z/2Z). (In particular, π has one end.) The argument of Theorem 5 can be adapted to show
that any PD4-complex with such a fundamental group has a strongly minimal model. We shall consider the cases of
free groups and PD2-groups in the more general context of groups of cohomological dimension  2 in Section 10
below.
7. The Whitehead quadratic functor
Let A and B be Abelian groups. A function f :A → B is quadratic if f (−a) = f (a) for all a ∈ A and if f (a +
b)− f (a)− f (b) defines a bilinear function from A×A to B . The Whitehead quadratic functor ΓW assigns to each
Abelian group A an Abelian group ΓW(A) and a quadratic function γA :A → ΓW(A) which is universal for quadratic
functions with domain A. Let A◦ZA be the symmetric product of A with itself. Then γA determines a homomorphism
s from A ◦Z A to ΓW(A) by s(a ◦ b) = γA(a + b)− γA(a)− γA(b), and there is an exact sequence
A ◦Z A s−→ ΓW(A) → A/2A → 0,
where the right-hand map is induced by the projection of A onto A/2A (which is quadratic). (See [1, p. 13].)
If A and B are Abelian groups the inclusions into A ⊕ B induce a canonical splitting ΓW(A ⊕ B) ∼= ΓW(A) ⊕
ΓW(B) ⊕ (A ⊗ B). Since Γ (Z) ∼= Z it follows by a finite induction that if A ∼= Zr then ΓW(Zr ) is again finitely
generated and free, and that s is injective. The latter conditions hold for A any free Abelian group, since every finitely
generated subgroup of such a group lies in a finitely generated direct summand.
If M is a finitely generated Z[π]-module let Herw(M†) be the group of w-Hermitean pairings on M†. Let
evM(m)(n,n
′) = n(m)n′(m) for all m ∈ M and n,n′ ∈ M†. Then evM(m)(n,n′) is quadratic in m and w-Hermitean
in n and n′ and evM(gm) = w(g)evM(m) for all g ∈ π and m ∈ M . Hence evM determines a homomorphism
BM :Z
w ⊗Z[π] ΓW(M) → Herw(M†).
Theorem 7. Let π be a group, w :π → Z× a homomorphism and M a finitely generated free Z[π]-module. If Ker(w)
has no element of order 2 then BM is surjective, while if there is no element g ∈ π of order 2 such that w(g) = −1
then BM is injective.
Proof. Since M is a free Abelian group there is a short exact sequence
0 → M ◦Z M → ΓW(M) → M/2M → 0,
and ΓW(M) is free as an Abelian group. This is a sequence of Z[π]-modules and homomorphisms, if we define the
action on M ◦Z M by g(m ◦ n) = gm ◦ gn, for all g ∈ π and m,n ∈ M .
The sequence
0 → Zw ⊗Z[π] (M ◦Z M) → Zw ⊗Z[π] ΓW(M) → F2 ⊗Z[π] M → 0
is also exact, since TorZ[π]1 (Zw,M/2M) = Ker(2 :Zw ⊗Z[π]M → Zw ⊗Z[π]M) = 0. Let ηM :M → Zw ⊗Z[π]ΓW(M)
be the composite of γM with the reduction from ΓW(M) to Zw ⊗Z[π] ΓW(M). Then the composite of ηM with the
projection to F2 ⊗Z[π] M is the canonical epimorphism.
Let e1, . . . , er be a basis for M and let e∗1, . . . , e∗r be the dual basis for M†, defined by e∗i (ei) = 1 and e∗i (ej ) = 0 if
i = j . Since m ◦ gn = g(g−1m ◦ n) = g¯m ◦ n in Zw ⊗Z[π] (M ◦Z M), the typical element of Zw ⊗Z[π] (M ◦Z M) may
be expressed in the form μ =∑ij (rij ei) ◦ ej . For such an element BM(μ)(e∗k , e∗l ) = rkl , if k < l, and = rkk + r¯kk ,
if k = l. In particular, BM(μ) is even: if ε2 :Z[π] → F2 is the composite of the augmentation with reduction mod (2)
then ε2(BM(μ)(n,n)) = 0 for all n ∈ M†.
If m ∈ M has nontrivial image in F2 ⊗Z[π] M then ε2(e∗i (m)) = 0 for some i  r . Hence BM(ηM(m)) is not even,
and it follows easily that Ker(BM) Zw ⊗Z[π] (M ◦ M). Suppose that BM(μ) = 0, for some μ =∑ij (rij ei) ◦ ej .
Then rkl = 0, if k < l, and rii + r¯ii = 0, for all i. If π has no orientation reversing element of order 2 we have
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that μ =∑(riiei) ◦ ei = 0. Hence BM is injective.
Suppose now that Ker(w) has no element of order 2. To show that BM is surjective it shall suffice to assume
that M has rank 1 or 2, since h is determined by the values hij = h(e∗i , e∗j ). Let εw[m,m′] be the image of m ◦ m′
in Zw ⊗Z[π] ΓW(M). Then BM(εw[m,m′])(n,n′) = n(m)n′(m′) + n(m′)n′(m), for all m,m′ ∈ M and n,n′ ∈ M†.
Suppose first that M has rank 1. Since h11 = h¯11 and Ker(w) has no element of order 2 we may write h11 = 2b+ δ +∑
g∈F (g + g¯), where b = b¯, δ = 1 or 0 and F is a finite subset of π . Let μ = εw[(b+ δ +
∑
g∈F g)e1, e1] + δηM(e1).
Then BM(μ)(e∗1, e∗1) = h11. If M has rank 2 and h11 = h22 = 0 let μ = εw[h12e1, e2]. Then BM(μ)(e∗i , e∗j ) = hij . In
each case BM(μ) = h, since each side of the equation is a w-Hermitean pairing on M†. 
This result may be extended easily to the case of projective modules.
Addendum. Let M a finitely generated projective Z[π]-module. If Ker(w) has no element of order 2 then BM is
surjective, while if there is no element g ∈ π of order 2 such that w(g) = −1 then BM is injective.
Proof. Let P be a projective complement to M , so that M ⊕ P ∼= Z[π]r for some r  0. The inclusion of M into
the direct sum induces a split monomorphism from ΓW(M) to ΓW(Z[π]r ) which is clearly compatible with BM and
BZ[π]r . We may extend a Hermitean pairing h on M† to a pairing h˜ on M† ⊕ P † by setting h˜(n,p) = h˜(p′,p) = 0
for all n ∈ M† and p,p′ ∈ P †. Clearly h˜|m×M = h and so this extension determines a split monomorphism from
Herw(M†) to Herw((Z[π]r )†). If h˜ = BZ[π]r (θ) then h = BM(θM), where θM is the image of θ under the homomor-
phism induced by the projection from M ⊕ P onto M . Thus if BZ[π]r is a monomorphism or an epimorphism so
is BM . 
In particular, if π has no 2-torsion then BM is an isomorphism, for any projective Z[π]-module M . The restriction
on 2-torsion is necessary, as can be seen by considering the group G = Z/2Z = 〈g | g2〉 with w trivial and h the
pairing on M = Z[G] determined by h(m,n) = mgn¯.
Lemma 8. Let M be a finitely generated projective Z[π]-module and θ :M → E be a Z[π]-module homomorphism.
Let αθ (m, e) = (m, e+ θ(m)) for all (m, e) ∈ Π = M ⊕E. Then αθ is an automorphism of Π and ΓW(αθ )(γ )− γ ≡
(B˜(γ )⊗ 1)(θ) mod ΓW(E) for all γ ∈ Zw ⊗Z[π] ΓW(M).
Proof. The homomorphism αθ is clearly an automorphism of Π which restricts to the identity on the summands E
and M , and ΓW(αθ )(γΠ(m)) = γΠ(m)+ γΠ(θ(m))+m⊗ θ(m), for all m ∈ M . (See [1, pp. 13 and 14].)
Let βm = B(1 ⊗ γM(m)), for m ∈ M . Let M∗ be the right Z[π]-module HomZ[π](M,Z[π]) (so that M† = M∗).
Since M is finitely generated and projective the functions d :M → M†† and t :M∗ ⊗Z[π] E → HomZ[π](M,E) given
by d(m)(μ) = μ(m) and t (μ⊗ e)(m) = μ(m)e are isomorphisms (of left Z[π]-modules and Abelian groups, respec-
tively), for all m ∈ M , μ ∈ M† and e ∈ E. Now the adjoint homomorphism β˜m is given by β˜m(μ) = μ(m)d(m),
which is d(m)μ(m) in M∗. Since t is surjective we have θ = t (∑μi ⊗ ei), for some μi ∈ M∗ and ei ∈ E. Then
(β˜m ⊗ 1)(t−1(θ)) =∑ β˜m(μi)⊗ ei =∑d(m)μi(m)⊗ ei = d(m)⊗ θ(m) = (d ⊗ 1)(m⊗ θ(m)).
Since ΓW(αθ )(γΠ(m))− γΠ(m) ≡ β˜m ⊗ 1)(θ) mod ΓW(E), for all m ∈ M , and each side is Z-quadratic in m, we
have ΓW(αθ )(γ )− γ ≡ (B˜(γ )⊗ 1)(θ) mod ΓW(E), for all γ ∈ Zw ⊗Z[π] ΓW(M). 
8. The main result
If X is a cell complex there is a functorial Whitehead exact sequence
π4(X) → H4(X˜;Z) bX−→ ΓW
(
π2(X)
)→ π3(X) hX−→ H3(X˜;Z) → 0
of left Z[π]-modules, where hX is the Hurewicz homomorphism in degree 3 and bX is the secondary boundary
homomorphism. (See [1, Chapter I] for a recent exposition.)
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∑
ugg and v =∑
vhh ∈ H 2((CP∞)n;Z[G]) ∼= H 2((CP∞)n;Z) ⊗Z Z[G]. Then v(u∩ ξ) =∑g,h∈G βξ (ug, vh)gh¯, for all such u,v
and ξ .
Proof. As each side of the equation is linear in ξ and H4((CP∞)n;Z) is generated by the images of homomorphisms
induced by maps from CP∞ or (CP∞)2, it suffices to assume n = 1 or 2. Since moreover each side of the equation
is bilinear in u and v we may reduce to the case G = 1. As these functions have integral values and 2(x ⊗ y) =
(x +y)⊗ (x +y)−x ⊗x −y ⊗y in H4((CP∞)2;Z), for all x, y ∈ Π ∼= Z2, we may reduce further to the case n = 1,
which is easy. 
Lemma 10. Let M be a finitely generated projective Z[π]-module and L =Lπ(M,2). The secondary boundary
homomorphism bL determines an epimorphism b′ from H4(L;Zw) to Zw ⊗Z[π] ΓW(M) such that BM(b′(x))(u, v) =
v(u∩ x) for all u,v ∈ M† and x ∈ H4(L;Zw).
Proof. The homomorphism from H4(L;Zw) to H4(π;Zw). induced by cL is an epimorphism, since cL has a sec-
tion σ . Since L˜  K(M,2) the homomorphism bL˜ is an isomorphism and H3(L˜;Z) = 0, while since M is projective
Hp(π;M) = 0 for all p > 0. Therefore it follows from the Cartan–Leray spectral sequence of the covering L˜ → L
that the kernel of the epimorphism induced by cL is Zw ⊗Z[π] H4(L˜;Z). Let b′(x) = (1 ⊗ bL˜)(x − σ∗cL∗(x)) for all
x ∈ H4(L;Zw). Then b′ is an epimorphism onto Zw ⊗Z[π] ΓW(M).
Let x ∈ H4(L;Zw) and u,v ∈ M† ∼= H 2(L;Z[π]). Since M is the union of its finitely generated free Abelian
subgroups and homology commutes with direct limits there is an n > 0 and a map k : (CP∞)n → L˜ such that b′(x) is
the image of k∗(ξ) for some ξ ∈ H4((CP∞)n;Z). Then BM(b′(x))(u, v) = evM(k∗ξ)(u, v).
Suppose that k∗u = ∑ugg and k∗v = ∑vhh in H 2((CP∞)n;Z[π]). Then we have evM(k∗ξ)(u, v) =∑
g,h∈G βξ (ug, vh)gh¯, which is equal to v(u ∩ k∗ξ) = k∗v(k∗u ∩ ξ), by Lemma 9. Now x = k∗ξ + σ ∗u ∩ cL∗x
and u∩ σ∗cL∗x = σ∗(σ ∗u∩ cL∗x) = 0, since H2(π;Z[π]) = 0. Hence BM(b′(x))(u, v) = v(u∩ x), for all u,v ∈ M†
and x ∈ H4(L;Zw). 
Theorem 11. Let gX :X → Z and gY :Y → Z be 2-connected degree-1 maps of PD4-complexes with fundamental
group π and orientation character w, and suppose that w is trivial on elements of order 2 and that k1(X) = 0. Then
there is a homotopy equivalence h :X → Y such that gY h = gX if and only if λgX ∼= λgY .
Proof. The condition λgX ∼= λgY is clearly necessary. Suppose that it holds. Then π2(Y ) ∼= π2(X) ∼= Π = M ⊕ N ,
where M = K2(gX) is projective and N = π2(Z), and we may identify M† with a direct summand of H 2(X;Z[π]),
by Lemma 2.2 of [19]. We may assume that the isomorphisms are chosen so that π2(gX) and π2(gY ) correspond to
projection onto the second factor, and so that λgY = λgX as pairings on M ×M . We may also assume that M = 0, for
otherwise gX and gY are homotopy equivalences.
Since k1(X) = 0 we also have k1(Z) = 0 and hence k1(Y ) = 0, by Lemma 3. Therefore P2(X)  P2(Y ) 
P = Lπ(Π,2). The group of based self homotopy equivalences of Lπ(M,2) maps onto Aut(π), with kernel
Autπ (Lπ(M,2)) ∼= H 2(π;M)  Autπ (M) [17]. After composing fY with a self homotopy equivalence of P , if
necessary, we may assume that fZgX = gfX and fZgY = gfY for some common 2-connected map g :P → P2(Z).
The map g is a fibration with fibre K(M,2), and the inclusion of N into Π = M ⊕N determines a section s for g.
The splitting Π = M ⊕N also determines a projection q :P → L = Lπ(M,2). We may construct L by adjoining
3-cells to X to kill the kernel of projection from Π onto M and then adjoining higher dimensional cells to kill the
higher homotopy. Let j :X → L be the inclusion. Then BM(b′(j∗[X]))(u, v) = v(u ∩ j∗[X]) for all u,v ∈ M†, by
Lemma 10. Using the projection formula and identifying M† = H 2(L;Z[π]) with H 2(X;Z[π]) we may equate this
with λgX(u, v). Hence fX∗[X] and fY∗[Y ] have the same image λgX = λgY in Herw(M†).
Since P2(Z) is a retract of P comparison of the Cartan–Leray spectral sequences for the classifying maps cP
and cP2(Z) shows that Cok(H4(s;Zw)) is isomorphic to H0(π;H4(K(Π,2)))/H0(π;H4(K(N,2))) ∼= Zw ⊗Z[π]
(ΓW (Π)/ΓW (N)). Since π has no orientation reversing element of order 2 the homomorphism BM is injective, by
Theorem 7, and therefore since λgX = λgY the images of fX∗[X] and fY∗[Y ] in Zw ⊗Z[π] (ΓW (Π)/ΓW (N)) differ by
an element of the subgroup Zw ⊗Z[π] (M ⊗N). Using the nonsingularity of γ = λgX = λgY and Lemma 8 we may
choose a homomorphism θ :M → N and hence a self homotopy equivalence P(θ) of P such that gP (θ) = g and
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H4(P2(Z);Zw) it follows that P(θ)∗fY∗[Y ] = fX∗[X] in H4(P ;Zw).
There is then a map h :X → Y with fY h = fX , by the argument of Lemma 1.3 of [8]. Let X+ and Y+ be the
orientable covering spaces corresponding to Ker(w). Then h lifts to a map h+ :X+ → Y+. Since fX and fY are
3-connected π1(h+), π2(h+) and H2(h+;Z) are isomorphisms. Since M is projective and nonzero Z ⊗Ker(w) M is a
nontrivial torsion-free direct summand of H2(X+;Z), and so h+ has degree 1, by Poincaré duality with coefficients
Z. Hence h+ is a homotopy equivalence, and therefore so is h. 
The argument for Theorem 11 breaks down when π = Z/2Z and w is nontrivial, for then BM :Zw⊗Z[π]ΓW(M) →
Herw(M†) is no longer injective, and the intersection pairing is no longer a complete invariant [9]. Thus the condition
on 2-torsion is in general necessary.
Can the hypothesis k1(X) = 0 be removed from the statement of the theorem? It is used here to identify P2(X)
and P2(Y ) with P = Lπ(Π,2), and thus to use the results of [17] on realizing automorphisms by self homotopy
equivalences.
Corollary A. If X has a strongly minimal model Z, π has no 2-torsion and k1(X) = 0 the homotopy type of X is
determined by Z and λX .
Corollary B. [10] If g :X → Z is a 2-connected degree-1 map of PD4-complexes with fundamental group π such that
w1(X) is trivial on elements of order 2 and k1(X) = 0 then X is homotopy equivalent to M #Z with M 1-connected
if and only if λg is extended from a nonsingular pairing over Z.
The result of [10] assumes that X is orientable, π is infinite and either E2Z = 0 or π acts trivially on π2(Z). (Since
π is infinite the latter condition implies that Z is strongly minimal.) Theorems 6 and 11 also give an alternative proof
of the main result of [4], namely that a PD4-complex X with fundamental group π a PD4-group and w1(X) = w1(π)
is homotopy equivalent to M #K(π,1) with M 1-connected if and only if k1(X) = 0 and λX is extended from a
nonsingular pairing over Z.
Corollary C. Let π be a finitely presentable group with no 2-torsion and such that E2Z = E3Z = 0. Then two
PD4-complexes X and Y with fundamental group π , w1(X) = w1(Y ) = w and Π = π2(X) ∼= π2(Y ) a nonzero
projective Z[π]-module are homotopy equivalent if and only if cX∗[X] = ±cY∗[Y ] in H4(π;Zw) and λX ∼= λY , after
changing the sign of [Y ], if necessary.
Proof. The hypotheses imply that X and Y have strongly minimal models ZX and ZY with π2(ZX) = π2(ZY ) = 0,
and hence P2(ZX)  P2(ZY )  K(π,1). Moreover H 3(π;Π) = 0, since E3Z = 0, and so the result follows by the
argument of Theorem 11. (Note that it is not clear a priori that X and Y have a common minimal model Z.) 
In [18] it is shown that the homotopy type of an orientable PD4-complex X such that Π is a free Z[π]-module and
Hi(π;Z) = 0 for i = 4 and 5 is determined by λX . (It is stated there that it is “obvious” that if Π is free then ev is an
isomorphism. This would imply that E2Z = E3Z = 0. However no proof is given for Lemma 2.4 of [18] and we have
not been able to find one.)
9. Realization of pairings
In this short section we shall show that if Z is a strongly minimal PD4-complex and Ker(w) has no element of
order 2 every nonsingular w-Hermitean pairing on a finitely generated projective Z[π]-module is realized as λX for
some PD4-complex X with minimal model Z. This is an immediate consequence of the following stronger result.
Theorem 12. Let Z be a PD4-complex with fundamental group π and let w = w1(Z). Assume that Ker(w) has no
element of order 2. Let N be a finitely generated projective Z[π]-module and Λ be a nonsingular w-Hermitean
pairing on N†. Then there is a PD4-complex X and a 2-connected degree-1 map f :X → Z such that λf ∼= Λ.
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(These may be assumed finite if N is stably free.) We may assume Z = Zo ∪θ e4 is obtained by attaching a single
4-cell to a 3-complex Zo, by Lemma 2.9 of [19]. Construct a 3-complex Xo with π2(Xo) ∼= π2(Zo)⊕N by attaching J
3-cells to Zo ∨ (∨I S2), along sums of translates under π of the 2-spheres in∨I S2, as in Theorem 2. Let i :Zo → Xo
be the natural inclusion. Collapsing
∨I
S2 gives Xo/
∨I
S2  Zo ∨ (∨J S3), and so there is a retraction q :Xo → Zo.
Let p :Π = π2(Xo) → N be the projection with kernel Im(π2(i)), and let j :Xo → L = Lπ(N,2) be the correspond-
ing map. Then π2(j i) = 0 and so ji factors through K(π,1). The map BN :Zw ⊗Z[π] ΓW(N) → Herw(N†) is an
epimorphism, by Theorem 7. Therefore we may choose ψ ∈ π3(Xo) so that BN([j (ψ)]) = Λ.
Let φ = ψ − iqψ + iθ . Then qφ = θ and j (φ) = j (ψ), so BN([j (φ)]) = Λ. Let X = Xo ∪φ D4. The retraction q
extends to a map f :X → Z. Comparison of the exact sequences for these pairs shows that f induces isomorphisms
on homology and cohomology in degrees = 2. In particular, H4(X;Zw) ∼= H4(Z;Zw). Let [X] = f−1∗ [Z]. Then
f∗(f ∗(α) ∩ [X]) = α ∩ [Z] for all cohomology classes α on Z, by the projection formula. Therefore cap product
with [X] induces the Poincaré duality isomorphisms for Z in degrees other than 2. As it induces an isomorphism
H 2(X;Z[π]) ∼= H2(X;Z[π]), by the assumption on Λ, Xφ is a PD4-complex with λX ∼= Λ. 
10. Groups of cohomological dimension  2
Suppose now that π is finitely presentable and c.d.π  2.
Theorem 13. Let X be a PD4-complex with fundamental group π such that c.d.π  2, and let C∗ = C∗(X;Z[π]).
Then
(1) C∗ is Z[π]-chain homotopy equivalent to D∗ ⊕L[2] ⊕D4−∗, where D∗ is a projective resolution of Z, L[2] is a
finitely generated projective module L concentrated in degree 2 and D4−∗ is the conjugate dual of D∗, shifted to
terminate in degree 2;
(2) π2(X) ∼= L⊕E2Z;
(3) χ(X) 2χ(π), with equality if and only if L = 0;
(4) (E2Z)† = 0.
Proof. The chain complex C∗ gives a resolution of the augmentation module
0 → Im(∂C2
)→ C1 → C0 → Z → 0.
Let D∗ be the corresponding chain complex with D0 = C0, D1 = C1 and D2 = Im(∂C2 ). Since c.d.π  2 and D0 and
D1 are free modules D2 is projective, by Schanuel’s lemma. Therefore the epimorphism from C2 to D2 splits, and so
C∗ is a direct sum C∗ ∼= D∗ ⊕ (C/D)∗. Since X is a PD4-complex C∗ is chain homotopy equivalent to C4−∗. The
first two assertions follow easily.
On taking homology with simple coefficients Q, we see that χ(X) = 2χ(π)+dimQQ ⊗π L. Hence χ(X) 2χ(π).
Since π satisfies the Weak Bass conjecture [5] and L is projective L = 0 if and only if dimQQ ⊗π L = 0.
Let δ :D2 → D1 be the inclusion. Then E2Z = Cok(δ†) and so (E2Z)† = Ker(δ††). But δ†† = δ is injective, and
so (E2Z)† = 0. 
Since every pair (π,w) with π finitely presentable is realized by a closed 4-manifold, every such pair with
c.d.π  2 is realized by a strongly minimal PD4-complex, by Theorems 2 and 13.
Theorem 14. Let π be a finitely presentable group with c.d.π  2. Then two PD4-complexes X and Y with fundamen-
tal group π , w1(X) = w1(Y ) = w and π2(X)† ∼= π2(Y )† a nonzero projective Z[π]-module are homotopy equivalent
if and only if λX ∼= λY and there are 2-connected degree-1 maps gX :X → Z and gY :Y → Z to the same strongly
minimal PD4-complex Z. Moreover every nonsingular w-Hermitean pairing on a finitely generated projective Z[π]-
module is realized by some such PD4-complex.
Proof. The first assertion follows from Theorem 11, while the second assertion follows from Theorem 12. 
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(S1×˜S3)# (#r−1(S1 × S3)) have π2 = 0, and every strongly minimal PD4-complex with free fundamental group is
homotopy equivalent to one of these, by Theorem 3 of [12]. The minimal model for a PD4-complex X with π ∼= F(r)
is determined by r and w.
If c.d.π = 2 then E2Z = 0. The group π is a PD2-group if and only if E2Z is infinite cyclic [2]; otherwise E2Z
is not finitely generated. The strongly minimal PD4-complexes with fundamental group a PD2-group are the total
spaces of S2-bundles over aspherical closed surfaces, by Theorem 13 above and Theorem 5.10 of [11].
Corollary. Let π be a PD2-group. Then two PD4-complexes X and Y with fundamental group π and orientation char-
acter w :π → Z× and with second Wu classes v2(X) = v2(Y ) = 0 are homotopy equivalent if and only if λX ∼= λY .
Proof. Let f :X → Z be a 2-connected degree-1 map. Then f ∗ = H 2(f ;F2) is a split monomorphism and
f ∗(v2(Z) ∪ α) = f ∗α ∪ f ∗α = v2(X) ∪ f ∗α for all α ∈ H 2(Z;F2), and so v2(Z) = 0 if v2(X) = 0. If π is a
PD2-group and Z is strongly minimal then Z is the total space of an S2-bundle over the surface K(π,1), by
Theorem 5.10 of [11]. Such bundle spaces are determined by their Stiefel Whitney classes. Since w1(Z) = w and
w2(Z) = v2(Z) + w2 = w2, by the Wu formulae, the complexes X and Y have homotopy equivalent minimal mod-
els. 
The strongly minimal PD4-complexes with fundamental group π ∼= F(r)  Z are mapping tori of self homeo-
morphisms of #r (S1 × S2) or (S1×˜S2)# (#r−1(S1 × S2)), by Theorem 4.5 of [11]. What can one say about the other
strongly minimal PD4-complexes with π of cohomological dimension 2? In particular, what can one say when π is
solvable?
It is not yet known whether every strongly minimal PD4-complex Z has minimal Euler characteristic χ(Z) for its
fundamental group π and orientation character w, nor whether PD4-complexes minimizing χ are strongly minimal.
These notions are equivalent if c.d.π  2, by part (3) of Theorem 13. If E2Z = E3Z = 0 and Z is strongly minimal
then π2(Z) = 0, so β2(Z;F2) = β2(π;F2), and χ(Z) is minimal. (Note that the claim on [13, p. 59] that if Z is
strongly minimal then H 2(π;Z) ∼= H 2(Z;Z) is false, even for π = Z2.)
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